Abstract. In a recent paper, Thorne [5] proved the existence of arbitrarily long strings of consecutive primes in arithmetic progressions in the polynomial ring F q [t]. Here we extend this result to show that given any k there exists a string of k consecutive primes of degree D in arithmetic progression for all sufficiently large D.
Introduction and Statement of Results
Let F q be the finite field with q elements and let F q [t] denote the corresponding polynomial ring in one variable. The ring F q is analogous to Z (see [3] ). Therefore, questions concerning the distribution of primes (i.e. monic irreducible polynomials) are naturally of interest. The Riemann Hypothesis can be proven in this setting and results such as the Prime Number Theorem for arithmetic progressions have been proven with the strongest possible error terms [3] .
This paper is concerned with the distribution of primes in arithmetic progressions. In both F q [t] and Z, one can show the existence of odd behavior of primes in arithmetic progressions. Let p 1 = 2, p 2 = 3, . . . denote the sequence of primes in order (i.e. p n is the nth prime). In 2000, Shiu [4] proved that given a and m ∈ Z with (a, m) = 1 and any k, there exists a string of consecutive primes p r+1 ≡ p r+2 ≡ · · · ≡ p r+k ≡ a mod m.
In 2007, Thorne [5] extended this result to F q [t]. Thorne showed that for arbitrary monic polynomials a and m with (a, m) = 1, given k, then there exists a constant D 0 (depending on k, q, and m) such that for any D > D 0 there exists a string of consecutive primes
"Consecutive" here means with respect to lexicographical order. As can be seen from the proofs, the choice of lexicographical order is arbitrary. One could choose any ordering such that for two primes of different degrees, the prime of higher degree is greater.
Even though these results concerning strings of primes may be predicted from probablistic models (see [1] ), the fact that one can prove this odd behavior in both cases is quite surprising. Although Thorne proves the existence of strings of consecutive primes for arbitrarily large degree, his construction guarantees the existence of these strings for scattered degrees. In this paper we will show that these strings can be found among the primes of every sufficiently large degree: Theorem 1.1. If a and m are monic polynomials with (a, m) = 1 and k is a positive integer, then there exists an integer D 0 (depending on q, m, and k) such that for every D ≥ D 0 there is a string of k consecutive primes of degree D such that
Moreover, we have that for sufficiently large k (depending on q and m)
The implied constant depends only on q.
Preliminary Results
We fix a finite field F q throughout. We are interested in the distribution of primes (i.e., irreducible monic polynomials) in the polynomial ring F q [t]. Except as noted (and always when referring to primes), we will assume all of our polynomials to be monic. For a residue class a modulo m, let π(a, m; n) denote the number of primes in F q [t] of degree n congruent to a modulo m. By the Prime Number Theorem for arithmetic progressions [3] , we have
As an important special case we have
where π(n) denotes the number of primes of degree n. Moreover, a simple exact formula for π(n) is given in [3] . Thorne's and Shiu's theorems make use of the "Maier matrix" method [2] , which we describe as follows. (See also Granville's article [1] for an exposition about the method used for the integers and other related results.) In the case of Z, let Q be a certain product of small primes and x 1 , x 2 , and y be integers such that x 1 < x 2 and y < Q. We consider the following matrix of integers:
In the case of F q [t], let Q be a product of small prime polynomials (monic irreducible polynomials). Let each polynomial f i be of degree s < deg Q. (By choosing Q so that it is divisible by a large enough power of t, we ensure that the rows of the matrix are ordered lexicographically.) Let each g i be a polynomial of degree r. We consider the following matrix of polynomials (where α and β are positive integers):
In either case, the columns form arithmetic progressions modulo Q. In the case of Z, for those Q which meet appropriate conditions on the associated Dirichlet L-functions, each column will contain roughly the expected number of primes. In the case of F q the analogous conditions are trivial, so for all sufficiently large Q all columns will have approximately the expected number of primes. Thorne and Shiu proved their results using a clever choice of Q, the Prime Number Theorem, and sieve-theoretic lemmas. Shiu's choice of Q ensured that the majority of i with 1 < i < y are congruent to a mod m. Thorne's choice of Q ensured that the majority of g i in the matrix were congruent to a mod m. In order to estimate the number of i and g i congruent to a mod m (the number of columns containg primes congruent to a mod m), Thorne and Shiu used a combinatorial argument to find expressions for these quantities. Once they found these expressions, they used sieve-theoretic lemmas to bound these values. The Prime Number Theorem enabled them to estimate the number of primes per column and it followed that the majority of primes in the matrix were congruent to a mod m.
In order to prove the theorem, we introduce a parameter b ≥ 0 which will allow us to establish the existence of a string of consecutive primes for a range of degrees. We will then prove that these ranges overlap and cover all sufficiently large D.
We conclude this section by presenting our choice of notation. Throughout q will denote the cardinality of the base field, m and a will denote monic polynomials in F q [t], p will denote a (monic) prime element of F q [t], and f and g will denote generic elements of F q [t]. Q will denote a certain product of primes, as in the introduction. In Section 3, c, d, u will denote positive integers, analogous to the quantities y, z, t appearing in [4] . We will write f (x) g(x) to mean that f (x) > Cg(x) for some positive constant C and large enough x. The constant C will depend only on q, but the range of allowable x may depend on other variables as noted.
Proof of Theorem 1.1
The proof of Theorem 1.1 adapts Thorne's proof [5] . We (as in [5] ) introduce a variable c, as well as variables d and u which will be chosen as unbounded, nondecreasing functions of c satisfying d < u = o(c). We assume that the quantity c is sufficiently large in relation to q and m; the same will then also be true of u and d. With this restriction, constants implied by and will depend only on q. For a = 1 we define a set of primes P by (3.1)
For the case a = 1 we define instead:
Although the latter definition does not give optimal bounds for a = 1, it simplifies our proof by allowing us to treat both cases together. We introduce a parameter b ≥ 0 which will allow us to prove the existence of a string of consecutive primes for a range of degrees. We will then prove that these ranges overlap and cover all sufficiently large D. Let
We then define a Maier matrix M consisting of the following set of integers:
Here f and g range over monic polynomials of the indicated degrees. The g are arranged in lexicographic order and since t c+d+1 |Q each row in the matrix is arranged in lexicographic order.
Each column of M will be the arithmetic progression of all monic polynomials of degree 3 deg Q + b which are congruent to a fixed g modulo Q. By (2.1), each column containing primes will contain asymptotically the same number of primes. Moreover, whether or not a particular element Qf + g is congruent to a modulo m depends only on g, and our choice of Q will ensure that most g with (g, Q) = 1 fall into the desired congruence class.
We then define sets
This implies (see [5] ) that either the matrix contains a string of consecutive primes in arithmetic progression of length
where π denotes the total number of primes congruent to a mod m, in the matrix. From the estimation of |S|, it follows (see [5] ) that
Into this last equation we incorporate the estimate:
If we set b such that 0 ≤ b ≤ 9q c+1 , we obtain:
where the constant depends on q. Using Mertens' estimate (see [5] ), it can be shown that the following holds for all a:
Thus in the case of (3.7), if b is an integer between 0 and 9q c+1 , we conclude from these estimates and (3.8) that there exists a row that contains C m q d consecutive primes all of degree 3 deg Q + b.
From (3.6), (3.7), and the above remarks we conclude that the matrix will contain an arithmetic progression of primes of length
With the choices u = c/2 log c and d = 2 log c we obtain a progression of length We now use this lemma to prove the theorem by creating a sequence of intervals of degrees D containing consecutive primes in arithmetic progression. These intervals will overlap and will cover all sufficiently large D. In order to prove that these intervals overlap, we must first obtain estimates for deg Q. Note that Using the Prime Number Theorem we will now provide an upper bound for p∈P deg p that holds for all a:
for some with 0 < < 1. Now we will bound p∈P deg p from below. If a = 1, then:
As u = o(c), then for large c
for some with 0 < < 1 − . If φ(m) = 1, then every prime is congruent to a mod m so that the theorem is trivial. We can therefore assume that φ(m) > 1. Since c was assumed to be large enough and u = o(c), for any a relatively prime to m there exist and so that ) and 0 < < 1. Thus, we have the desired estimate for deg Q and we are ready to show that the intervals overlap.
Incorporating the result of Lemma 3.1, these estimates above show that for every large c one can find consecutive primes in arithmetic progression of degree D where 
